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We calculate the p-wave contribution to the proton-proton fusion S factor and its energy derivative
in pionless effective field theory (EFT) up to next-to-leading order. The leading contributions are
given by a recoil piece from the Gamow-Teller and Fermi operators, and from relativistic 1/m
suppressed weak interaction operators. We obtain the value of (2.5± 0.3)× 10−28 MeV fm2 for the
S factor and (2.2± 0.2)× 10−26 fm2 for its energy derivative at threshold. These are smaller than
the results of a prior study that employed chiral EFT by several orders of magnitude. We conclude
that, contrary to what has been previously reported, the p-wave contribution does not need to be
considered in a high-precision determination of the S factor at astrophysical energies. Combined
with the chiral EFT calculation of Acharya et al. [Phys. Lett. B 760, 584 (2016)] for the s-wave
channel, this gives a total threshold S factor of S(0) = (4.047+0.024−0.032)× 10−23 MeV fm2.
The Sun is powered by nuclear burning of hydrogen,
the most abundant element in the universe, into helium.
The elementary proton-proton (pp) fusion process that
results in a deuteron, a positron and a neutrino is the first
step in the chain of reactions producing heavier elements
in stellar environments [1]. Solar models for quantities
such as core temperatures and neutrino flux are sensi-
tive to the pp fusion cross section. At the relevant solar
core temperatures (T ≈ 1.5 × 107 K), the Coulomb re-
pulsion and the slow weak process result in a very small
cross section. Thus, experimental measurements are pro-
hibitive and non-existent. Theoretical calculations with
well-justified uncertainty estimates are essential for pro-
viding critical input data for stellar models [2–4]. Infer-
ence of solar neutrino masses from terrestrial measure-
ments depends crucially on the pp fusion rate. This re-
action involves all the fundamental interactions except
gravity. It is important in the field of astro, nuclear and
particle physics, and there is an active effort to calculate
the cross section with ever higher accuracy and precision
[see Reference [3] for an extensive review of the existing
literature].
The reaction cross section σ(E) at center-of-mass
(c.m.) kinetic energy E is conventionally expressed in
terms of the S factor S(E) = E exp(2piηp)σ(E). The
Sommerfeld parameter ηp =
√
mp/E α/2 with proton
mass mp = 938.28 MeV and fine structure constant
α = 1/137. Reference [3] provides the best estimates
of S(0) = (4.01 ± 0.04) × 10−23 MeV fm2 at threshold,
and S′(0)/S(0) = (11.2 ± 0.1) MeV−1 for the logarith-
mic derivative. Reference [3] also estimated the contri-
bution of the S′′(0) term to be ≈ 1% at the solar core
temperature and recommended that a modern calcula-
tion be undertaken. The threshold S factor and its en-
ergy derivatives have since been calculated in pionless [5]
and chiral [6, 7] effective field theories (EFTs). Refer-
ence [7], the only study so far to have included capture
from the p-wave, has claimed that this channel makes
a significant contribution to S(E), of roughly the same
size as the s-wave S′′(0) term, in the astrophysically rel-
evant E ≈ 10 keV region.1 An independent calculation
of the p-wave contribution is therefore imperative, espe-
cially since the s-wave S(E) has now been constrained to
subpercentage precision [6].
EFTs provide a description of interacting particles in
terms of only those degrees of freedom that are relevant
below a breakdown momentum scale, Λ. Low-energy ob-
servables are then calculated as expansions in powers of
Q/Λ, where Q is the characteristic momentum of the pro-
cess under study. Such approaches have been widely used
in nuclear physics. They provide a clear guidance on how
to systematically construct the nuclear Hamiltonian and
couplings to external electroweak sources as perturbation
in Q/Λ. They also enable us to use the convergence of
the expansion to estimate the uncertainty in theoreti-
cal calculations. The pp fusion process at solar energies
E . 100 keV is peripheral, and thus can be accurately
described in terms of the incoming pp s-wave phase shift
and the outgoing deuteron bound state wave function to
within 10% model-independently [1]. Thus the charac-
teristic momentum scale Q ≈ p, γ, 1/app, αmp  mpi,
where p =
√
mpE . 10 MeV, app ≈ 25 MeV is the pp
s-wave scattering length, γ = 45.701 MeV the deuteron
1 After the authors of Reference [7] were notified about this Rapid
Communication, they revisited their calculation and published
an Erratum [8] whose p-wave result, albeit much closer, is still
not in agreement with this work within our uncertainty estimate.
More importantly, as we will later discuss, the result of Refer-
ence [8] for the total S factor, with s and p waves included, does
not agree with the value we quote here due to basis-truncation
issues in their calculation.
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2binding momentum, mpi ≈ 140 MeV the pion mass. It
is therefore appropriate to employ Pionless EFT (/piEFT)
for the calculation of the pp fusion S factor. This is an
EFT with non-relativistic nucleons that interact through
short-ranged forces without an explicit pion degree of
freedom [9, 10]. Its breakdown scale is Λ ≈ mpi and
the perturbative expansion is therefore in Q/Λ . 1/3.
/piEFT provides a simple description of pp fusion, to
about 10% precision, in terms of nucleon-nucleon observ-
ables [11]. Calculation of the fusion rate to a few percent
precision requires contribution from two-body currents
that represent short-distance physics not constrained by
elastic-channel nucleon-nucleon phase shifts [12].
In this Rapid Communication, we present the first
calculation of the p-wave contributions to pp fusion in
/piEFT. The results are expressed in terms of model-
independent parameters, and, therefore, universal. It
provides an important constraint on the precise deter-
mination of the solar pp fusion rate and provides insights
into further steps that are needed to reduce uncertainties
in the future.
Pionless effective field theory: The cross sec-
tion calculation depends on the strong interaction, the
Coulomb repulsion between the two protons, and the
weak interaction. The dominant p-wave contribution
requires the strong interaction only in the outgoing
deuteron (3S1) channel, which is given by [9, 13–15]
LS = d†i
[
∆−
(
i∂0 +
∇2
4m
)]
di
+ g0
[
d†i (N
TPiN) + h.c
]
, (1)
where m = 938.92 MeV is the isospin-averaged nucleon
mass, N represents a nucleon and the vector di repre-
sents the deuteron. Pi = σ2σiτ2/
√
8, where the Pauli
matrices σ and τ respectively act on spins and isospins,
projects the nucleons onto the spin-triplet isospin-singlet
3S1 (deuteron) channel. The two couplings ∆, g0 are
fixed by requiring that the deuteron bound state wave
function has the correct exponential decay and normal-
ization constant. In /piEFT, this corresponds to ensuring
the 3S1 elastic scattering amplitude has a pole at p
∗ = iγ,
and has the correct residue at the said pole. While these
depend only on γ at leading order (LO), the contributions
of the effective range ρ = 1.764 fm to the residue, which
enter at next-to-leading order (NLO), can be expressed
in terms of the deuteron wave function renormalization
constant, Zd, and treated exactly using the zed parame-
terization [16].
We include the Coulomb interaction between the pro-
tons using the t-matrix −itC(E; q,p) for incoming (out-
going) momentum p (q). It can be expressed in closed
form using the momentum-space Coulomb wave function
χ
(+)
p (q) as: tC(E; q,p) = (E − q2/mp + i0+)χ(+)p (q).
Coulomb amplitude tC includes non-perturbative resum-
mation of Coulomb photon exchanges.
The capture from pp p-wave initial state receives con-
tribution from two sets of weak interactions. The first
set constitutes the usual Fermi and Gamow-Teller inter-
actions:
L(FGT)W = −
GV√
2
(
l0+N
†τ−N + gAl+ ·N†στ−N
)
, (2)
where GV and gA are the vector and axial coupling
constants, for which we use the latest Particle Data
Group’s [17] values of 1.1363(3) × 10−11 MeV−2 and
1.2724(23), respectively. lµ+ is the leptonic Dirac current,
and τ− = (τ1 − iτ2)/2 is the isospin lowering operator.
The second set of interactions constitutes relativistic
p/m effects:
L(rel)W =
GV√
2
[
gAl
0
+N
†σ · i
←→∇
2m
τ−N
+ l+ ·N†
( i←→∇
2m
τ− − µV σ × ∇
2m
τ−
)
N
]
, (3)
where µV = (µp − µn)/2 denotes the isovector magnetic
moment,
←→∇ =←−∇ −−→∇ and ∇ =←−∇ +−→∇.
e+
νe
FIG. 1. Feynman diagram for pp fusion: solid lines nucleons,
short-dashed line positron e+, dashed line neutrino νe and
double line deuteron. The blob represents Coulomb ampli-
tude tc, “⊗” a weak vertex, “” a strong interaction vertex.
The Feynman diagrams in Fig. 1 provide the domi-
nant p-wave contribution to pp fusion. A straightforward
calculation shows that p-wave capture from the weak in-
teraction vertex in Eq. (2) comes from the deuteron re-
coil momentum k. Thus this p-wave contribution scales
as kp/Q2 compared to the LO s-wave amplitude in
/piEFT [11, 18]. We name this recoil contribution TFGT.
The weak interaction vertex generated by the
←→∇ terms
in Eq. (3) contribute even in the zero-recoil limit. Rel-
ative to the LO s-wave amplitude, it is suppressed by a
factor of p/m and we name this relativistic contribution
Trel. The contribution from the µV∇ term is suppressed
by k2 and we do not include it. Compared to the LO
s-wave amplitude, at momentum p ≈ γ ≈ Q, the re-
coil contribution kp/Q2 and the relativistic contribution
p/m are similar scaling as Q3/Λ3 ≈ 0.04. We use this
estimate for TFGT ≈ |Trel| that holds up to p . γ to
keep the EFT analysis simple. Empirically, at solar en-
ergies E . 100 keV, p/m is small but pk/γ2 is smaller.
3Thus Trel contribution is larger making p/m . 0.01 to
be a better estimate for the relative contribution of the
p-wave amplitude. Furthermore, the cross section (and
therefore the S factor) can be decomposed into a partial
wave expansion as σ(E) = σ0(E)+σ1(E)+. . ., where the
subscript l refers to the l-th pp partial wave. We threfore
anticipate the p-wave cross section (and S factor) to be
smaller by a factor of p2/m2 . 10−4 compared to the
s-wave value. We include the NLO correction from the
effective range ρ. Initial state p-wave strong interactions
are suppressed by relative powers of Q3/Λ3. Higher order
corrections to the weak interactions are suppressed by at
least Q2/Λ2 ≈ 0.01, and constitute a 10% uncertainty in
the p-wave cross section.
The p-wave cross section: The p-wave amplitude
is
iM1 = i8Gv√
2
di
∗
uN (−p)PjuN (p)
×
{(
l0+TFGT − l+ · Trel
)
Tr
[
Piτ
−P†j
]
+ gA
(
lk+TFGT − l0+T krel
)
Tr
[
Piσkτ
−P†j
]}
, (4)
where Pj is the spin-triplet isospin-triplet projector,
iσ2σj(1 + τ3)/4. The non-relativistic two compo-
nent nucleon spinor fields uN (p) are normalized as
[uN (p)]α[u
∗
N (p)]β = δαβ when summed over polariza-
tions. The amplitudes from the loop integrals are
TFGT = g0
√
Zdm
∫
d3q
(2pi)3
χ(+)p (q)
q · k
(γ2 + q2)
2 , (5)
and
Trel = g0
√
Zdm
∫
d3q
(2pi)3
χ(+)p (q)
q
m
1
γ2 + q2
. (6)
The solid angle integral of qχ
(+)
p (q) picks out the vector
direction p and constitutes the l = 1 partial wave con-
tribution. The c.m. deuteron momentum k is related to
the positron/neutrino pair momenta pe,ν from momen-
tum conservation as k = −(pe+pν). The expressions for
TFGT ∝ eiδ1 and Trel ∝ eiδ1 are derived further below.
Since TFGTT
∗
rel = T
∗
FGTTrel, Eq. (4) gives
|M1|2 = 8
(
Gv√
2
)2{
(EνEe + pν · pe)
× (3|TFGT|2 + 2g2ATrel · T ∗rel)
+ 6 (pν · Trel) (pe · T ∗rel)
+ 3 (EνEe − pν · pe)Trel · T ∗rel
− (6 + 4g2A) (Eνpe + Eepν) · TrelT ∗FGT
+ 2g2A (3EνEe − pν · pe) |TFGT|2
}
, (7)
where we used the polarization sum over the leptonic
currents lµ+l
ν
+
†.
The spin averaged cross section for non-relativistic
fields is given by Fermi’s Golden Rule as
σ1(E) =
∫
d3pe
(2pi)3
d3pν
(2pi)3
1
4EeEν
1
vrel
|M1|2
× 2pi δ
(
δm+ E − k
2
2Md
− Ee − Eν
)
, (8)
where δm = 2mp−Md = mp−mn + γ2m/(mpmn). The
integral can be reduced to 4-dimensions. The magni-
tude pν is constrained from the Dirac δ-function. We are
free to choose the spin quantization axis (zˆ axis) along p
direction. Azimuthal symmetry of the total lepton mo-
mentum pe + pν = −k implies dependence only on the
difference in the azimuthal angle φ = φe − φν of the pair
pe,ν . The integral in Eq. (8) can then be written as
σ1(E) =
1
(2pi)4
∫ pmaxe
0
dpep
2
e
∫ 1
−1
dxe
∫ 1
−1
dxν
×
∫ 2pi
0
dφ
p2ν
|1 + pνMd +
pe
Md
xeν |
1
4EeEν
1
vrel
|M1|2 , (9)
where xe,ν = pˆ · pˆe,ν and xeν = pˆe · pˆν = xexν +√
1− x2e
√
1− x2ν cosφ. The neutrino momentum mag-
nitude is given by
pν = −Md − pexeν + [(Md + pexeν)2
+ 2Md(2mp −Md + E − Ee)− p2e]1/2 , (10)
and the maximal positron momentum is
pmaxe =
{(
2− 2mp + E
Md
)
× ([2mp −Md + E]2 −m2e)}1/2 . (11)
Results: The cross section σ1(E) in Eq. (9) is evalu-
ated by numerical integration using analytic expressions
for TFGT and Trel. These can be derived from the coor-
dinate space wavefunction
χ(+)p (r) ≡
∫
d3q
(2pi)3
eiq·rχ(+)p (q)
=
∞∑
l=0
(2l + 1)ileiδlPl(rˆ · pˆ)Fl(ηp; pr)
pr
, (12)
where δl = arg Γ(l + 1 + iηp) is the Coulomb phase shift
and
Fl(ηp; ρ) =
2le−piηp/2|Γ(l + 1 + iηp)|
Γ(2l + 2)
ρl+1 e−iρ
×M(l + 1− iηp, 2l + 2, 2iρ) , (13)
4is the regular Coulomb wave function expressed in
terms of the conventionally defined Kummer’s function
M(a, b, z). Equation (5) can then be written as
TFGT =
1
6
g0
√
Zdm(p · k)eiδ1e−piηp/2|Γ(2 + iηp)|
×
∫ ∞
0
drr3e−(γ+ip)rM(2− iηp, 4, i2pr)
=−
√
8piγ
1− ργ e
iδ1e−piηp/2(pν + pe) · p
× |Γ(2 + iηp)| 1
(γ2 + p2)2
e2ηp arctan p/γ , (14)
where we have used the NLO relation g0
√
Zdm =√
8piγ/(1− ργ). Similarly, Eq. (6) can be written as
Trel =
1
3
g0
√
Zdme
iδ1e−piηp/2|Γ(2 + iηp)| p
m
×
∫ ∞
0
drr(1 + γr)e−(γ+ip)rM(2− iηp, 4, i2pr)
=
√
8piγ
1− ργ e
iδ1e−piηp/2
p
m
|Γ(2 + iηp)|
× 1
2p2 + 2p2η2p[
1 +
p2 + 2pηγ − γ2
γ2 + p2
e2ηp arctan p/γ
]
. (15)
In Fig. 2 we show the result for the S-factor S1(E). We
perform a polynomial fit to the results shown in Fig. 2
and use it to extrapolate the S factor and its derivative
to zero energy. We obtain
S1(0) = (2.47± 0.25± 0.01)× 10−28 MeV fm2 ,
S′1(0) = (2.16± 0.22± 0.01)× 10−26 fm2 , (16)
where the first errors indicate EFT uncertainties and the
second ones are numerical errors from polynomial fits to
S(E).
Our result for S1(0) agrees with the tentative estimates
we made earlier based on the power counting, but does
not agree with the value of S1(0) = 2.0×10−25 MeV fm2
claimed in Reference [7]. In fact, the p-wave contribu-
tion is much smaller than the ≈ 1% contribution ob-
tained by Reference [7] in the entire energy region in
which they perform their calculations. We, therefore,
disagree with the findings of Marcucci et al. in Refer-
ence [7] and claim that the p-wave contributions need
not be considered in the calculation of the pp S factor
at astrophysically relevant energies since these are much
smaller than the precision of the s-wave calculation [see
Reference [6] for a state-of-the-art uncertainty analysis].
Furthermore, Refs. [6, 19] have found that basis trunca-
tion errors accounted for a reduction in Reference [7]’s
s-wave S factor by about 0.7 %. Since Marcucci et al.
only addressed the error in the p-wave calculation in their
FIG. 2. The p-wave S-factor S1(E).
Erratum [8], their revised value for the S factor, with
combined s and p waves, is still incorrect, and does not
agree with value S(0) = (4.047+0.024−0.032) × 10−23 MeV fm2
calulated by Reference [6] within the uncertainty band,
which remains unmodified upon inclusion of the p-wave
contribution calculated in this Rapid Communication.2
Finally, we emphasize that, even though the p-wave num-
bers we calculated are negligible given the large uncer-
tainty in the s-wave value, the correction we make to Ref-
erence [7]’s results is at least as important as all sources
of uncertainty combined.
Conclusion: We calculated for the first time the
contribution of p-wave pp configuration to the fusion rate
in /piEFT. This analysis was motivated by a recent cal-
culation with chiral potentials that suggested that the
leading p-wave contributions are comparable to the next-
to-next-to-leading s-wave contributions.
We determined the dominant Feynman diagrams con-
tributing to the p-wave S factor and calculated their
contribution at low energies. The NLO calculation in-
cludes the recoil contributions from the Gamow-Teller
and Fermi operators as well as the relativistic 1/m sup-
pressed weak interaction operators. We found that the
p-wave contribution to the pp fusion S factor is smaller
than the value obtained in Reference [7] by several or-
ders of magnitude, and that the effect of p-wave fusion is
therefore negligible for a high-precision determination.
Our analytic results for the p-wave fusion matrix el-
ement can serve as a benchmark for numerical calcula-
tions of chiral effective theory matrix elements. They
2 The relationship between the chiral EFT counterterms cD and
dR have since been updated [20]. This correction makes a negli-
gible modification in the S-factor value compared to the uncer-
tainty band [21].
5are expressed in terms of the weak couplings constants
gA and GF and two observables from the strong sector,
the deuteron binding energy and wave function renor-
malization and therefore do not suffer from any short-
distance model ambiguities. We note that the input ob-
servables needed to predict the p-wave fusion rate are s-
wave observables. Our results illustrate furthemore the
importance of calculating astrophysically relevant three-
nucleon capture reactions in pionless effective field theory
to reduce currently accepted uncertainties and to explore
the importance of recoil corrections in these nuclei.
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